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Interactions and charge transfer dynamics of an Al + ion immersed in ultracold Rb and Sr atoms Atomic clocks based on an Al + ion sympathetically cooled by a laser-cooled alkaline-earth ion have achieved unprecedented accuracy. Here, we investigate theoretically interactions and charge transfer dynamics of an Al + ion immersed in an ultracold gas of Rb and Sr atoms. We calculate potential energy curves and transition electric dipole moments for the (Al+Rb)
+ and (Al+Sr) + ion-atom systems using coupled cluster and multireference configuration interaction methods with scalar relativistic effects included within the small-core energy-consistent pseudopotentials in Rb and Sr atoms. The long-range interaction coefficients are also reported. We use the electronic structure data to investigate cold collisions and charge transfer dynamics. Scattering of an Al + ion with alkali-metal or alkaline-earth-metal atom is governed by one potential energy curve whereas charge transfer can lead to several electronic states mixed by the relativistic spin-orbit coupling. We examine the branching ratios resulting from the interplay of the short-and long-range effects, as well as the prospects for the laser-field control and formation of molecular ions. We propose to employ the atomic clock transition in an Al + ion to monitor ion-atom scattering dynamics via quantum logic spectroscopy. The presented results pave the way for the application of atomic ions other than alkali-metal and alkaline-earth-metal ones in the field of cold hybrid ion-atom experiments.
I. INTRODUCTION
Trapped and laser-cooled atomic ions allow for tackling questions touching upon the very fundamentals of quantum mechanics [1] . They have found many applications ranging from quantum simulation and quantum computation [2, 3] to quantum metrology and sensing [4] [5] [6] . For example, optical atomic clocks based on single trapped ions have been realized [7] [8] [9] [10] . Recently, the most stable and accurate single-ion atomic clock with fractional uncertainty as small as 10 −18 has been constructed using the 1 S 0 -3 P 0 transition in an Al + ion sympathetically cooled by a co-trapped and laser-cooled Mg + ion [11, 12] . In the last decade, a new field of cold hybrid systems has emerged, where laser-cooled trapped ions are combined in a single experimental setup with ultracold atoms [13] [14] [15] . Ultracold atoms on its own have been used in numerous ground-breaking experiments allowing to explore a plethora of quantum phenomena [16, 17] . Mixtures of laser-cooled trapped ions and ultracold atoms may combine the best features of two well established fields of research and promise new exicting applications in quantum physics and chemistry [15] . They can be employed to study cold collisions and sympathetic cooling [18] [19] [20] , chemical reactions [21] , spin and charge-transfer dynamics of ionic impurities [22] , spincontrolled ion-atom chemistry [23] , simulation of solidstate physics [24] , and quantum computation [25] . Until now, most of cold experiments have used alkaline-earthmetal ions trapped and laser-cooled in Paul traps immersed into neutral alkali-metal or alkaline-earth-metal atoms trapped in magneto-optical, magnetic, or dipole * michal.tomza@fuw.edu.pl traps. Investigated cold atomic combinations include: Yb + /Yb [26] , Ca + /Rb [27] , Ba + /Ca [28] , Yb + /Ca [29] , Yb + /Rb [18] , Ca + /Li [30] , Ca + /Rb [31] , Yb + /Li [32] , Sr + /Rb [33] , Rb + /Rb [19, 34] . Additionally, sympathetically cooled molecular ions such as N + 2 [21] and OH − [35] were immersed into ultracold Rb atoms. Recently, the direct formation of ions inside ultacold gases via the ionization of Rydberg states was also achieved [36, 37] .
In this paper, we propose to employ an Al + ion cotrapped in a Paul trap with a laser-cooled alkaline-earth ion and overlapped with a small cloud of ulracold Rb or Sr atoms to investigate cold interactions and collisions, including charge-transfer dynamics, between an Al + ion and Rb or Sr atoms (see Fig. 1 ). Rb and Sr are selected as a prototype alkali-metal and alkaline-earthmetal atoms. Quantum state detection and preparation of the Al + ion may be realized by optical addressing of a co-trapped alkaline-earth ion within the quantum logic spectroscopy [7] . Prospects for molecular ions formation + . An Al + ion is overlapped with a small cloud of ulracold Rb or Sr atoms, whereas an alkaline-earth ion is optically addressed to control and read a quantum state of both ions.
are also analyzed. Scattering calculations are based on the electronic structure data, including potential energy curves and transition electric dipole moments, which we calculate using ab initio electronic structure approaches such as the coupled cluster and multireference configuration interaction methods.
The plan of this paper is as follows. Section II describes the used theoretical electronic structure and quantum scattering methods. Section III presents and analyzes the electronic and collisional properties of the investigated ion-atom systems. Section IV summarizes our paper and discusses future possible applications.
II. COMPUTATIONAL DETAILS

An Al
+ ion has a closed-shell electronic ground state of the 1 S 0 symmetry. Its interaction with a ground-state alkali-metal (alkaline-earth-metal) atom in the 2 S 1/2 ( 1 S 0 ) electronic state results in a single molecular electronic state of the 2 Σ + ( 1 Σ + ) symmetry. The ionization potential of an Al atom is larger than of all alkalimetal atoms and of Sr and Ba among alkaline-earthmetal atoms, therefore the charge transfer process is energetically possible in collisions between an Al + ion and those atoms [38] . Interestingly, such a process leads to several electronic states dissociating to the lowest ionatom asymptotes with an Al atom in the 2 P 1/2 or 2 P 3/2 electronic state. In the non-relativistic picture, if an Al atom interacts with an alkali-metal ion then two molecular electronic states of the 2 Σ + and 2 Π symmetries exist, and if an Al atom interacts with an alkaline-earth-metal ion then four molecular electronic states of the 1 Σ + , 1 Π, 3 Σ + , and 3 Π symmetries are possible. Relativistic effects, namely the spin-orbit coupling which splits the atomic 2 P electronic state into the 2 P 1/2 and 2 P 3/2 fine states, couple and mix different molecular electronic states. Relativistic effects, which are of moderate values in the considered systems, can be included perturbatively [39, 40] .
To calculate potential energy curves in the BornOppenheimer approximation we adopt the computational scheme successfully applied to the ground and excited electronic states of the (LiYb) + molecular ion [41] and SrYb molecule [39] . The non-relativistic potential energy curves are obtained using the multireference configuration interaction method restricted to single and double exictations with the Davidson correction, MRCISD+Q, starting from orbitals obtained with the multi-configurational self-consistent field method, MC-SCF [42] . Complete active spaces constructed from 3s3p, 5s5p, and 5s5p4d atomic orbitals of Al, Rb, and Sr are used. When possible the spin-restricted open-shell coupled cluster method restricted to single, double, and noniterative triple excitations, starting from the restricted open-shell Hartree-Fock (ROHF) orbitals, RCCSD(T), is employed [43] . The interaction energies are obtained with the supermolecular method with the basis set superposition error corrected by using the counterpoise correction [44] 
where E (Al+X) + is the total energy of the ion-atom system, and E Al + and E X are the total energies of the Al + ion and X atom computed in the diatom basis set. The Al atom is described by the augmented correlation consistent polarized valence and core-valence quintuple-ζ quality basis sets, aug-cc-pV5Z (in MRCISD+Q calculations) and aug-cc-pCV5Z (in RCCSD(T) calculations), respectively [45] . The scalar relativistic effects in Rb and Sr atoms are included by employing the small-core relativistic energy-consistent pseudopotentials (ECP) to replace the inner-shells electrons [46] . The pseudopotentials from the Stuttgart library are employed in all calculations. The Rb and Sr atoms are described with the ECP28MDF pseudopotentials [47, 48] together with the [14s14p7d6f 1g] and [14s11p6d5f 4g] basis sets reported in Refs. [39, 49] . The atomic basis sets are additionally augmented in all calculations by the set of [3s3p2d1f 1g] bond functions to accelerate the convergence towards the complete basis set limit [50] . All electronic structure calculations are performed with the Molpro package of ab initio programs [51] .
The relativistic potential energy curves V |Ω| (R) associated with the two lowest atomic asymptotes of the Al( 2 P J ) atom interacting with the Rb
) ion are obtained within the perturbation theory by diagonalizing the interaction Hamiltonians with the spin-orbit coupling included between non-relativistic curves. Relativistic states are characterized by the projection of the total angular momentum on the molecular axis |Ω|.
For Al( 2 P J )+Rb + ( 1 S 0 ), the relativistic molecular potential energy curves are given by
where V2S+1 |Λ| (R) is the non-relativistic potential energy curve for the 2S+1 |Λ| electronic state and
is the matrix element of the spinorbit coupling Hamiltonian,Ĥ SO =Ŝ ·L, between the 2S+1 |Λ| and
, the relativistic molecular potential energy curves are given by
Asymptotically, the spin-orbit coupling matrix elements are related to the fine spliting between 2 P 1/2 and 2 P 3/2 electronic states of the Al atom ∆E Al fs = 112.1 cm
Al fs /3. In the present study we neglect the R-dependence of the matrix elements of the spin-orbit coupling assuming their asymptotic values.
The interaction potential between the ion and the atom at large internuclear distances R is generally given by
where −C 
/R
6 term describes the dispersion interaction between instantaneous dipole-induced dipole moments of the ion and atom arising due to quantum fluctuations [54] .
The leading long-range interaction coefficients do not depend on the total electronic spin of molecular electronic states and for Σ and Π symmetries they are given by
where q is the charge of the ion, Θ at is the permanent quadrupole moment of the atom,ᾱ at = (α xx + α yy + α zz )/3 and ∆α at = α zz − α xx are the isotropic (scalar) and anisotropic (tensor) components of the static electric dipole polarizability of the atom,β at and ∆β at are the components of the static electric quadrupole polarizability of the atom, andᾱ ion(atom) (iω) and ∆α ion(atom) (iω) are the components of the dynamic polarizbility of the ion(atom) at imaginary frequency. The permanent quadrupole moment and static quadrupole polarizability of the Al atom are calculated with the RCCSD(T) and finite field methods. The dynamic electric dipole polarizabilities at imaginary frequency of the Rb and Sr atoms are taken from Ref. [55] , whereas the dynamic polarizability of the Al + and Rb + ions are obtained by using the explicitly connected representation of the expectation value and polarization propagator within the coupled cluster method [56] . The dynamic polarizabilities of the Sr + ion and the Al atom are obtained from the sum over state expression using the transition moments and energy levels from the NIST Atomic Spectra Database [53] .
Rate constants for elastic scattering and inelastic charge-exchange reactive collisions are calculated as implemented and described in Refs. [38, 41, 57] . The timeindependent Schrödinger equation for the nuclear motion of colliding ion and atom is solve using the renormalized Numerov propagator [58] with step-size doubling. The wave functions are propagated to large interatomic separations and the K and S matrices are extracted by imposing the long-range scattering boundary conditions in terms of the Bessel functions. The elastic rate constants and scattering lengths are obtained from the S matrix for the entrance channel, while inelastic rate constants are calculated using Fermi golden rule type expressions based on Einstein coefficients between bound and continuum ro-vibrational wave functions of relevant electronic states.
III. NUMERICAL RESULTS AND DISCUSSION
A. Potential energy curves and transition electric dipole moments
Figures 2 and 3 present non-relatvistic molecular potential energy curves for the ground and excited electronic states of the (Al+Rb) + and (Al+Sr) + ion-atom systems, respectively. Their spectroscopic characteristics, such as equilibrium bond lengths R e , well depths D e , harmonic constants ω e , and rotational constants B e , are collected in Tables I and II + ion-atom systems, respectively. All relevant non-relativistic molecular electronic states of the (Al+Rb) + system, presented in Fig. 2 , are of the 2 Σ + or 2 Π symmetry. The entrance B 2 Σ + electronic state, related to the Al + ( 1 S)+Rb( 2 S) atomic threshold, is well separated from lower and higher lying electronic states. This suggests that non-radiative charge transfer, which could be driven by the non-adiabatic radial couplings [29, 59] , will be suppressed and negligible as compared to the radiative charge transfer, which is driven by the transition electric dipole moments. The spontaneous radiative transitions to the electronic states related to the Al( 2 P )+Rb + ( 1 S) atomic threshold can result in the radiative charge transfer or the radiative association depending on the structure of potential energy curves and transition electric dipole moments. In the case of the (Al+Rb) + system, as shown in Fig. 4 , the transition moment between the B 2 Σ + and X 2 Σ + electronic states is noticeably larger than the one between the B 2 Σ + and A 2 Π states, in favor of radiative processes leading to the X 2 Σ + state. The equilibrium distance of the B 2 Σ + state is larger as compared to the X 2 Σ + and A 2 Π states but some overlap between vibrational states associated with these electronic states can be expected.
The electronic structure of the (Al+Sr) + system, presented in Fig. 3 , is noticeably more complex as compared to the (Al+Rb)
+ system due to one electron more in the valence shell of the Sr atom. Thus, two families of singlet and triplet molecular electronic states of
atomic threshold is related with the richest family of 18 different non-relativistic molecular electronic states. The inclusion of the relativistic spinorbit coupling would further increase the number of molecular electronic states and complexity of the system. The entrance B 1 Σ + electronic state is separated from higher lying electronic states, but its Al + ( 1 S)+Sr( 1 S) atomic threshold is just 2346 cm −1 above the lowest Al( 2 P )+Sr + ( 2 S) atomic threshold. This suggests that non-radiative charge transfer driven by the non-adiabatic radial couplings can compete with the radiative charge transfer in this case. In the case of the (Al+Sr)
+ system, as shown in Fig. 5 , the transition moment between ergy curves and electronic properties is of the order of 5-15% depending on the electronic state. This estimation is based on the analysis of the convergence with the size of the used atomic basis sets and the level of employed theory. The lack of the exact treatment of the triple and higher excitations in the employed CCSD(T) and MRCISD methods is a primary limiting factor. The presented CCSD(T) and MRCISD results agree with each other within about 10 %. The long-range part of the interaction potential is especially important for cold and ultracold collisions, when shape resonances, and quantum reflection and tunneling play a role. Figure 6 presents the long-range part of the interaction potentials for the lowest asymptote of the (Al+Rb) + ion-atom system obtained in the molecular non-relativistic calculations together with the interaction potentials given by the multipole expansion of Eq. (7) obtained within the perturbation theory. Both approaches agree well in a broad range of interatomic distances. Similar agreement is achieved for the (Al+Sr) + ion-atom system. Additionally, the impact of the spin-orbit coupling in the (Al+Rb) + system is presented by showing the relativistic potential energy curves connected to two fine-state manifolds obtained by the diagonalization of Eqs. (2) and (3).
The leading long-range induction interaction given by the C 4 coefficient for the Al + ion interacting with the Rb or Sr atom determines the characteristic interaction length scale R 4 = 2µC 4 / 2 and the related energy scale E 4 = 2 /2µR 2 4 relevant for ultracold ion- atom collisions [15] . For the Al + +Rb and Al + +Sr systems they take values of R 4 =3454 bohr, E 4 =355 nK and R 4 =2738 bohr, E 4 =560 nK, respectively.
B. Cold collisions and charge transfer dynamics
In the considered ion-atom systems there are two paths of collision-and interaction-induced radiative charge rearrangement: (i) the radiative charge transfer (RCT)
where the electron is spontaneously transferred from the X=Rb(Sr) atom to the Al + ion emitting a photon of energy hv, and (ii) the radiative association (RA)
where the Al + ion and the X=Rb(Sr) atom spontaneously form an AlX + molecular ion emitting a photon of energy hv. Scattering of the Al + ion with the Rb(Sr) atom is governed by one potential energy curve of the B 2 Σ + (B 1 Σ + ) symmetry, whereas the charge transfer driven by the transition electric dipole moment can lead to two electronic states of the X 2 Σ + and A 2 Π (X 1 Σ + and A 1 Π) symmetries, respectively. assumed [64] , the thermal averaging removes energy dependence for temperatures larger than 1 mK in agreement with predictions of the classical Langevin capture theory [65] . Scattering results are presented for two typical scattering lengths (a s =0.5 R 4 and a s =1.5 R 4 ) in the entrance channel. Rate constants for small collision energies and patter of shape resonances depend strongly on theses scattering lengths, but the overall magnitude of rate constants does not depend on them. Additionally, all presented results does not depend on the scattering lengths in the exit channels.
In the range of investigated collision energies, the rate constants for the elastic scattering K el for both ion-atom systems have similar values of (see Fig. 7(a) )
For comparison, the inelastic rate constants given by the classical Langevin capture model determined by the longrange C 4 coefficients K L = 2π 2C 4 /µ [65] take values of K L = 3.6 · 10 −9 cm 3 /s and K L = 2.8 · 10 −9 cm 3 /s for the Al + +Rb and Al + +Sr systems, respectively. The rate constants for the inelastic scattering depend strongly on the system and exit electronic state. The rate constants for the radiative charge transfer K RCT for the Al + ion colliding with the Rb atom are (see Fig. 7(b) )
whereas for the Al + ion colliding with the Sr atom they are
Interestingly, the probability of the charge transfer to the X 2 Σ + state is 15 times larger than to the A 2 Π one in Al + +Rb collisions and the probability of the charge transfer to the X 1 Σ + state is 25 times larger than to the A 1 Π one in Al + +Sr collisions. The main reason for observed branching rations is the difference in electric transition dipole moments driving the radiative charge transfer between considered electronic states, which is few times larger for B → X transitions as compared to B → A ones (see Figs. 4 and 5) . The rate constants for spontaneous radiative transitions are proportional to the square of transition dipole moments. Additionally, the probability of the B → X and B → A charge transfer for Al + +Rb collisions is 6000 and 3000 times larger than for Al + +Sr collisions, respectively. The main reason for this difference is much smaller energy of emitted photons (the difference of the ionization potentials) in Al + +Sr collisions as compared to Al + +Rb ones (2346.4 cm
vs. 14587.7 cm −1 [53] ). The rate constants for spontaneous radiative transitions are proportional to the cubic of the transition energy. The second reason is a larger misalignment of potential wells of the entrance and exit electronic states in the (Al+Sr) + system as compared to the (Al+Rb) + one. The rate constants for the radiative association K RA for the Al + ion colliding with the Rb atom are (see Fig. 7(c) )
Interestingly, the probability of the radiative association to the X 2 Σ + state is 450 times larger than to the A 2 Π one in Al + +Rb collisions and the radiative association to the A 1 Π state is strongly suppressed in Al + +Sr collisions. Less favorable transition electric dipole moments for the B → A association than for the B → X one are partially responsible for the observed suppression of the rate constants, but the main reason for it is the repulsive character of the A 2 Π and A 1 Π electronic states at intermediate and large distances due to the strongly repulsive nature of the ion-quadruple interaction for Π electronic states and associated small potential well depths (see Fig. 6 ). Consequently, these electronic states support much smaller number and density of ro-vibrational states as compared to Σ ones (around 10 vibrational levels for A 2 Π and A 1 Π to be compared to around 200 vibrational levels for X 2 Σ + and X 1 Σ + ). Additionally, the short-range classical turning point for the B 1 Σ + state in the (Al+Sr)
+ system overlap with the maximum of the electrostatic barrier of the A 1 Π state, thus resulting in highly unfavorable Franck-Condon factors. The probability of the B → X radiative association for Al + +Rb collisions is only 25 times larger than for Al + +Sr collisions. For collision energies larger than 10 mK, the rate constants for the B → A radiative association in both systems start to decrease with increasing collision energy, because the centrifugal barrier in the A electronic states starts to be comparable to the electronic barrier and depth of these states, and suppresses the number of bound ro-vibrational levels which can be populated.
For alkaline-earth-metal ions colliding with alkalimetal atoms, typically, the rate constants for the radiative association are predicted to be significantly larger than the rate constants for the radiative charge transfer [41, 63] . In the present case, because of the interplay of the short-range and long-range effects described in the previous paragraphs, the patter is more complex. For the B → X transition, the radiative association is twice more probable than the radiative charge transfer for Al + +Rb collisions but the radiative charge transfer is 250 times more probable than the radiative association for Al + +Sr collisions. For both systems, the B → A transitions are less probably than the B → X ones. For B → A transition, the radiative charger transfer is 13.5 times more probable than the radiative association for Al + +Rb collisions and several orders of magnitude more probable for Al + +Sr collisions.
In the non-relativistic description of electronic symmetries, the radiative transitions K R (K RA or K RCT ) to the triplet a 3 Π and b 3 Σ + electronic states in Al + +Sr collisions are strictly electric dipole forbidden
The inclusion of the spin-orbit coupling, which is the leading relativistic effect and mixes different nonrelativistic electronic states, slightly modifies the pattern of inelastic rate constants described above. In Al + +Rb collisions, the rate constants for the radiative charge transfer and association leading to the |Ω| = 3/2 state are almost the same as they are for transitions leading to the A 2 Π state
with a small modification due to the change of emitted photons' energy. The relativistic |Ω| = 1/2 electronic states are combinations of the non-relativistic X 2 Σ + and A 2 Π states, however the significant mixing occurs only close to the dissociation threshold whereas the interaction wells of the (1)1/2 and (2)1/2 states are mostly of the X 2 Σ + and A 2 Π nature, respectively. The rate constants for the radiative charge transfer and association to the (1)1/2 state are within a few percent as compared to the ones to the X 2 Σ + state in the non-relativistic picture
The radiative transitions to the (2)1/2 state are larger as compared to the ones to the A 2 Π state
because the spin-orbit coupling and mixing of the X 2 Σ + and A 2 Π states remove the electronic barrier and repulsive character of the ion-quadruple interaction in the (2)1/2 electronic state (see Fig. 6 ).
The branching ratio of radiative charge transfer collisions leading to the Al atom in the 2 P 1/2 and 2 P 3/2 fine states is
In Al + +Sr collisions, radiative transitions leading to the |Ω| = 2 state are still electric dipole forbidden
however the non-relativistic a 3 Π and b 3 Σ + electronic states contribute to the relativistic Ω = 0 + and |Ω| = 1 states.
The relativistic Ω = 0 + electronic states are combinations of the non-relativistic X 1 Σ + and a 3 Π states, but the significant mixing occurs only close to the dissociation threshold whereas the interaction wells of the (1)0 + and (2)0 + states are mostly of the X 1 Σ + and a 3 Π nature, respectively. The rate constants for the radiative charge transfer to the (1)0 + state is 10 times smaller as compared to the ones to the X 1 Σ + state in the nonrelativistic picture
while the rate constants for the radiative association to the (1)0 + state are just a few percent smaller as compared to the ones to the
The radiative transitions to the (2)0 + state which is mostly of the a 3 Π nature are possible because of the admixture of the
The radiative charge transfer is more affected by the spinorbit coupling than the radiative association in this case because it is governed by transitions at larger distances where mixing of electronic states and transition moments is larger. The relativistic |Ω| = 1 electronic states are combinations of the non-relativistic A 1 Π, a 3 Π, and b 3 Σ + states, where as in previous cases the spin-orbit coupling significantly mixes states close to the dissociation threshold and thus affects more the charge transfer. Additionally, the wells of the (1)1 and (2)1 states are mixtures of the crossing a 3 Π and b 3 Σ + states, whereas the interaction well of the (3)1 state is mostly of the A 1 Π nature. The resulting rate constants for the radiative charge transfer are
while the rate constants for the radiative association are
Finally, all calculated rate constants for the radiative charge transfer and association are significantly smaller (at least 10 4 times smaller) than the Langevin rate constants. This means that at least 10 4 collisions is needed to observe reactive processes in the Al + +Rb and Al + +Sr systems. In typical hybrid ion-atom experiments measuring such small rate constants is challenging because long interrogation times are needed. The employment of the precision measurement of the narrow clock transition in an Al + ion within the quantum logic spectroscopy may allow to assess statistics of these relatively rare events [66, 67] . On the other hand, small reactivity can be an advantage providing long interrogation times to probe even weak ion-atom interactions. The measurement of the charge and energy transfer on the singlecollision level can also be envisioned [68] . 
C. Formation and control of molecular ions
In the previous subsection, we have analyzed the branching ratios of the radiative association to different electronic states and showed that formation of molecular ions is more probable in the X 2 Σ + and X 1 Σ + (and related relativistic) states than in the A 2 Σ + and A 1 Σ + ones in Al + +Rb and Al + +Sr collisions, respectively. Now, we investigate the branching ratios to different vibrational levels of the ground electronic states. Figure 8 presents the transition electric dipole moments between vibrational levels of the X 2 Σ + ground and B 2 Σ + excited electronic states of the (Al+Rb)
+ ion-atom system as a function of the vibrational quantum numbers in the upper panel and vibrational energies in the bottom panel. These transition dipole moments govern both spontaneous and stimulated transitions between different vibrational levels. The presented map of the transition electric dipole moments can be useful to engineer molecular ions in selected vibrational levels. Similar calculations were realized for the (Al+Sr) + ion-atom system and other electronic states in both non-relativistic and relativistic pictures. Unfortunately, there is no efficient path for the formation of the absolute ground-state molecular ions using the B and X electronic states.
Radiative association rate constants as a function of the energy of the final ro-vibrational level in the X 2 Σ + electronic ground state for the Al + ion colliding with the Rb atom in the B 2 Σ + state are plotted in Fig. 9 . In Al + +Rb collisions, the formation of molecular ions in vibrational levels with the vibrational quantum number around v = 24 and the binding energy around 2155 cm −1 of the X 2 Σ + electronic state is the most probable. In Al + +Sr collisions, the formation of molecular ions in vibrational levels with the vibrational quantum number around v = 88 and the binding energy around 1709 cm −1 of the X 1 Σ + electronic state is the most probable. In both systems, the molecular formation probability decreases gradually for decreasing binding energies and is strongly suppressed for binding energies larger than 2500 cm −1 . In both systems, the formation of molecular ions in the A electronic states is the most probable in the last and most-weakly-bound vibrational level due to the suppression described in the previous subsection. Collisions at temperature of 100 nK in Fig. 9 (a) are dominated by s wave, therefore, molecular ions in the first excited rotational state (l=1) are mostly formed. At temperature of 10 µK in Fig. 9(b) several partial waves already contribute in collisions, therefore, broader range of rotational molecular states is populated.
In all considered cases of the radiative association, the formation of deeply-bound molecular ions close the the ground vibrational level v = 0 is strongly suppressed due to the misalignment of the potential wells of the entrance B and exit X and A electronic states. To overcome this problem and to enable the formation of ground-state molecular ions with larger binding energies, the two-photon schemes using an intermediate electronic state can be employed [69] . In such scenarios, colliding ion-atom pairs can be excited to a selected intermediate excited electronic state, which has better overlaps with both the initial B and final X and A states. Next, spontaneous or stimulated emission can result in the formation of deeply-bound molecular ions. For the (Al+Rb) + and (Al+Sr) + ion-atom systems, the D 2 Π and (3) 1 Π excited electronic state can be used as intermediate states in the two-photon formation, respectively. After the initial spontaneous or stimulated radiative association, the stabilization to the ground vibrational level can also be realized with two-photon schemes using Stimulated Raman adiabatic passage (STIRAP) [70] . The quantum logic spectroscopy can also be used for state-selective detection of formed molecular ions based on different rotational consonants and dipole moments of molecular ions in different vibrational states [71] .
IV. SUMMARY AND CONCLUSIONS
Motivated by recent experimental advances on highly precise atomic clocks based on sympathetically cooled Al + ions, on one hand, and on the preparation and application of cold ion-atom systems, on the other hand, here we have proposed to employ an Al + ion co-trapped in a Paul trap with a laser-cooled alkaline-earth ion and overlapped with a small cloud of ulracold Rb or Sr atoms to probe ulracold ion-atom interactions and collisions, including radiative charge exchange and association processes.
We have calculated potential energy curves and transition electric dipole moments for the prototype (Al+Rb) + and (Al+Sr) + ion-atom systems using state-of-the-art ab initio electronic structure techniques of quantum chemistry such as the coupled cluster and multireference configuration interaction methods with scalar relativistic effects included within the small-core energy-consistent pseudopotentials. We have also used perturbation theory to obtain the long-range interaction coefficients and to include the relativistic spin-orbit coupling between nonrelativistic molecular electronic states. Next, the electronic structure data have been employed to investigate cold collisions and charge transfer dynamics.
Scattering of an Al + ion with alkali-metal or alkalineearth-metal atom is governed by a singe potential energy curve whereas dipole allowed transitions can lead to several electronic states mixed by the spin-orbit coupling. Such transitions can result in the radiative charge transfer or radiative association. We have analyzed the interplay of the short-range and long-range effects, and examined the branching ratios for those rich and interesting processes. We have also investigated the prospects for the laser-field control and formation of molecular ions.
The atomic clock transition in an Al + ion can be employed to monitor ion-atom interactions and scattering dynamics via quantum logic spectroscopy [7] . In this method, the quantum state detection and preparation of the Al + ion can be realized by optical addressing of a co-trapped alkaline-earth ion. The frequency shift of trapped-ion optical clocks caused by background-gas collisions have recently been actively studied [72] [73] [74] [75] [76] . High precision measurement of the narrow clock transition may allow to probe even weak ion-atom interactions and long interrogation times may allow to assess statistics of relatively rare events of charge-transfer collisions [66, 67] . The charge and energy transfer may also potentially be investigated on the single-collision level [68] . In summary, the presented results pave the way for the application of ions other than alkali-metal and alkaline-earth-metal ones in the field of cold hybrid ion-atom experiments.
